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Evaluating Line Integrals — Helix Centroid

EXAMPLE
Find the centroid of the circular helix C' given by

r(t) = acosti+ asintj+ btk, 0<t<2r.
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Evaluating Line Integrals — Helix Centroid

EXAMPLE
Find the centroid of the circular helix C' given by
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Line Integrals

Evaluating Line Integrals — Helix Centroid

EXAMPLE
Find the centroid of the circular helix C' given by

r(t) = acosti+ asintj+ btk, 0<t<2r.

Solution: For this helix,
d
Yo V@212, ds=a + b2t

dt
Since z = bt, the moment about the plane z =0 is

. 27
M._g :/ zds = / bt/ a2 + b2 dt = 212b\/ a2 + b2.
C JO

The helix length is L = [ ds = 0277 Va? 4+ b? dt = 2mv/a? + b2. Hence
A[ZZO
L

= mb.

z =



Line Integrals

Evaluating Line Integrals — Helix Centroid

Solution: The other two moments are

2m
ﬂ£z>=o=/xds:am/ costdt = 0,
c 0

2m
]Mfy:U:/yds:a\/a2+b2/ sint dt = 0.
c 0



Line Integrals

Evaluating Line Integrals — Helix Centroid

Solution: The other two moments are

2m
ﬂ£z>=o=/xds:am/ costdt = 0,
c 0

2m
]Mfy:U:/yds:a\/a2+b2/ sint dt = 0.
c 0

Therefore,
Afx:(]

L

]\/[y =0

I =0.

T = :O’ g:
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Evaluating Line Integrals — Helix Centroid

Solution: The other two moments are

2m
ﬂ£1>=o=/xds:am/ costdt = 0,
c 0

2m
]Mfy:U:/yds:a\/a2+b2/ sint dt = 0.
c 0

Therefore,
Afx:()

L

]\/[y =0

I =0.

T = :O’ 37:

The centroid of the helix is

(%,9,2) = (0,0, 7).
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Evaluating Line Integrals

EXAMPLE
Find the mass of a wire lying along the first-octant part C' of the

intersection
z=2— 2% — 2° and z =2,

between (0,1,0) and (1,0, 1), if the density is 6(x,y, z) = xy.



Line Integrals

Evaluating Line Integrals

EXAMPLE
Find the mass of a wire lying along the first-octant part C' of the

intersection
z2=2—2%—2)° and z =2,

between (0,1,0) and (1,0, 1), if the density is §(z,y, z) = xy.




Line Integrals

Evaluating Line Integrals — Wire Mass

EXAMPLE (continued)
Find the mass of the wire on C with density d(x,y, z) = xy.

Solution: Use the cylinder equation z = 22 and let
r =1, z =t 0<t<Il.
Substitute into z = 2 — 22 — 2y%:
t?=2-1t2—-2P7 — yP=1-t%
Since C is in the first octant,

y=+1—12



Line Integrals

Evaluating Line Integrals — Wire Mass

EXAMPLE (continued)
Find the mass of the wire on C with density d(x,y, z) = xy.

Solution: Use the cylinder equation z = 22 and let
r =1, z =t 0<t<Il.
Substitute into z = 2 — 22 — 2y%:
t?=2-1t2—-2P7 — yP=1-t%
Since C is in the first octant,

y=+1—12

So a parametrization is

r(t)=ti+V1-12j+t’k, 0<t<l1.



Line Integrals

Evaluating Line Integrals — Wire Mass (cont.)

Solution: Compute derivatives:

de o dy_ ¢ =,
dt dt 1 -—¢2 dt 7
Hence
dr 12 \/1+4t2—4t4
ds = |—|dt =4/1 442 dt = | —— dt
’ ‘dt' \/+1—t2+ 1



Line Integrals

Evaluating Line Integrals — Wire Mass (cont.)

Solution: Compute derivatives:

dz _ dy _ __t az _,,
dt dt 1 -—¢2 dt 7
Hence
dr ) \/1+4t2—4t4
ds = |—|dt =4/1 442 dt = | —— dt
7 \/+1—t2+ 11—
Also,

0(x,y,2) =xy =t/ 1 — 12

Therefore the mass integral becomes

. 1
m:/(5d5:/ t\/ 1+ 412 — 4t dt.
c 0



Line Integrals

Evaluating Line Integrals — Wire Mass (cont.)

Solution: Evaluate: m = fol tV1 + 42 — At dt.

Let u =t2, du=2tdt:

1 !
m:f/ V1 +4du — 4u? du.
2 /o
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Evaluating Line Integrals — Wire Mass (cont.)

Solution: Evaluate: m = fol tV1 + 42 — At dt.

Let u =t2, du=2tdt:

1
m:f/ V1 +4du — 4u? du.
2 /o

Complete the square: 1+ 4u — 4u? =2 — (2u — 1)2.
Let v =2u—1, dv=2du:

1 [t 1t
m:Z/ \/2—1)2dv:§/ V2 —v2dv.
J-1 Jo



Line Integrals

Evaluating Line Integrals — Wire Mass (cont.)

Solution: Evaluate: m = fol V1 + 42 — 4t4 dt.
Let u =t2, du=2tdt:

1
m:f/ V1 +4du — 4u? du.
2 /o

Complete the square: 1+ 4u — 4u? =2 — (2u — 1)2.
Let v =2u—1, dv=2du:

1 [t 1t
m:Z/ \/2—1)2dv:§/ V2 —v2dv.
J-1 Jo

Now substitute v = v/2sinw, dv = /2 cosw dw. (Exercise: carry
out the details.)



Line Integrals

Evaluating Line Integrals — Wire Mass (cont.)

Solution: Evaluate: m = fol tV1 + 42 — At dt.

Let u =t2, du=2tdt:

1
m:f/ V1 +4du — 4u? du.
2 /o

Complete the square: 1+ 4u — 4u? =2 — (2u — 1)2.
Let v =2u—1, dv=2du:

1 [t 1t
m:Z/ \/2—1)2dv:§/ V2 —v2dv.
J-1 Jo

Now substitute v = v/2sinw, dv = /2 cosw dw. (Exercise: carry
out the details.)

T+ 2
5

The mass of the wire is m =
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Line Integrals of Vector Fields

Work Done by a Force

In elementary physics, the work done by a constant force of magnitude
F in moving an object a distance d is

W =Fd

(in case the force is exerted in the direction of the motion).



Line Integrals of Vector Fields

Work Done by a Force

In elementary physics, the work done by a constant force of magnitude
F in moving an object a distance d is

W =Fd

(in case the force is exerted in the direction of the motion).

If the object moves in a direction different from that of the force
(because of some other forces acting on it), then the work done by the
particular force is the product of the distance moved and the component
of the force in the direction of motion.



Line Integrals of Vector Fields

Work Done by a Variable Force

Let F(x,y,z) = F(r) be a variable force depending continuously on
position, and let C' be a smooth curve.

F(z,y,2) = F(r) > variable force depending

continuously on position.

C = smooth curve

10



Line Integrals of Vector Fields

Work Done by a Variable Force

Let F(x,y,z) = F(r) be a variable force depending continuously on
position, and let C' be a smooth curve.

F(z,y,2) = F(r) > variable force depending

continuously on position.

C = smooth curve

The work done by F(r) in moving an object along C' is the integral of
work elements dW:
dW =F(r) - Tds = F - dr (since T = dr/ds)

———
| F(r)| cos @=the tangential component of F(r)

10



Line Integrals of Vector Fields

Work Done by a Variable Force

Let F(x,y,z) = F(r) be a variable force depending continuously on
position, and let C' be a smooth curve.

F(z,y,2) = F(r) > variable force depending

continuously on position.

C = smooth curve

The work done by F(r) in moving an object along C' is the integral of
work elements dW:
dW =F(r) - Tds = F - dr (since T = dr/ds)
—
| F(r)| cos @=the tangential component of F(r)

Thus, the total work done by F in moving the object along C'is

W:/F-Tds:/F~dr:/Fldx+F2dy+F3dz.
C C C

10



Line Integrals of Vector Fields

Line Integral of a Vector Field

In general, if F = F} i+ Fyj+ F3k is a continuous vector field, and C'is
an oriented smooth curve, then the line integral of the tangential
component of F along C'is

/F~dr:/F-Tds:/ Fi(z,y, z)de+Fa(x,y, 2) dy+Fs(x, y, 2) dz.
c c c

11
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Line Integral of a Vector Field

In general, if F = F} i+ Fyj+ F3k is a continuous vector field, and C'is
an oriented smooth curve, then the line integral of the tangential
component of F along C'is

/F~dr:/F-Tds:/ Fi(z,y, z)de+Fa(x,y, 2) dy+Fs(x, y, 2) dz.
c c c

Such a line integral is sometimes called, somewhat improperly, the line
integral of F along C. (It is not the line integral of F, which should have
a vector value, but rather the line integral of the tangential component of
F, which has a scalar value.)

11



Line Integrals of Vector Fields

Line Integral of a Vector Field

In general, if F = F} i+ Fyj+ F3k is a continuous vector field, and C'is
an oriented smooth curve, then the line integral of the tangential
component of F along C'is

/F~dr:/F-Tds:/ Fi(z,y, z)de+Fa(x,y, 2) dy+Fs(x, y, 2) dz.
c c c

Such a line integral is sometimes called, somewhat improperly, the line
integral of F along C. (It is not the line integral of F, which should have
a vector value, but rather the line integral of the tangential component of
F, which has a scalar value.)

The line integral of a vector field depends on the direction of the

orientation of the curve along which the integral is calculated.

11



Line Integrals of Vector Fields

Circulation

If C'is a closed curve, the line integral of the tangential component of F
around (' is also called the circulation of F around C.

The fact that the curve is closed is often indicated by a small circle

drawn on the integral sign:

jl{ F - dr denotes the circulation of F' around the closed curve C.
c

12



Line Integrals of Vector Fields

Circulation

e Positive Contribution:
The field (F) supports the
direction of motion (T).

e Zero Contribution:
The field is orthogonal to

=

F.T — o the path (does no work).

F
e Negative Contribution:

The field opposes the
direction of motion.

e Circulation:
The net sum of all these
tangential components

along the closed path!
13



Line Integrals of Vector Fields

Circulation

Positive Circulation Zero Circulation Negative Circulation
_ N\ AN S S
e & Q- / G

14



Line Integrals of Vector Fields

Parametric Evaluation

For a smooth arcr =r(t) = x(t)i+y(t)j+ 2(t) k, a <t <b, we have

. b
/F~dr:/ F~@dt
c u dt

b
- / i), y(0), 2()) % + FPaw(), y(0), 2(2)) %

a

+ Fy(a(t), y(t), 2(t)) %} dt.

15



Line Integrals of Vector Fields

Parametric Evaluation

For a smooth arcr =r(t) = x(t)i+y(t)j+ 2(t) k, a <t <b, we have

. b
/F~dr:/ F~@dt
c u dt

b
- / i), y(0), 2()) % + FPaw(), y(0), 2(2)) %

+ Fy(a(t), y(t), 2(t)) %} dt.

Remarks

e The above line integral is independent of the choice of any
parametrization used for the curve with a fixed orientation.

e A line integral over a piecewise smooth curve is the sum of the line
integrals over the smooth arcs constituting the curve.

15



Line Integrals of Vector Fields

Example — Three Paths

EXAMPLE

Let F(z,y) = y?i+ 22y j. Evaluate the line integral / F - dr from
c

(0,0) to (1,1) along

(a) the straight line y = z,

2

(b) the curve y = x*, and

(c) the piecewise smooth path consisting of the straight line segments
from (0,0) to (0, 1) and from (0,1) to (1, 1).

16



Line Integrals of Vector Fields

Example — Three Paths: (a)

Solution:

Three paths from
(0,0) to (1,1)

17



Line Integrals of Vector Fields

Example — Three Paths: (a)

Solution:

(N () r=ti+tj, 0<t<1

Three paths from
(0,0) to (1,1)

17



Line Integrals of Vector Fields

Example — Three Paths: (a)

Solution:

C) (171)

N (a) ) r=ti+tj, 0<t<1—>dr=dti+ dtj
b

F - dr = (21 + 2t%j) - (i + j)dt = 3t% dt.

Three paths from
(0,0) to (1,1)

17



Line Integrals of Vector Fields

Example — Three Paths: (a)

Solution:

Y

N (a) ) r=ti+tj, 0<t<1—>dr=dti+ dtj
b

F - dr = (21 + 2t%j) - (i + j)dt = 3t% dt.

x
1 1

Three paths from / F.-dr = / 3t2dt = t‘s‘ = 1.

(0,0) to (1,1) © 0 ’

17



Line Integrals of Vector Fields

Example — Three Paths: (b)

Solution: (b)
Yy
(C) (1’ 1)
(N (a)
(b) —r=ti+t%, 0<t<l1

"
Three paths from
(0,0) to (1,1)

18



Line Integrals of Vector Fields

Example — Three Paths: (b)

Solution: (b)
Y
(C) (L 1)
(N (a)
(b) —r =ti+ 3, 0<t<1—dr=dti+2tdtj

v Fode = (tY 4 263)) - (1 + 2tj)dt = 5t dt.
Three paths from
(0,0) to (1,1)

18



Line Integrals of Vector Fields
Example — Three Paths: (b)

Solution: (b)
Y
(C) (L 1)
(N (a)
(b) —r =ti+ 3, 0<t<1—dr=dti+2tdtj

v Fode = (tY 4 263)) - (1 + 2tj)dt = 5t dt.

Three paths from 1 . 5|1
F.dr= [ 5t dt:t‘ ~1.
(030) to (17 1) /C\' /0 0

18



Line Integrals of Vector Fields

Example — Three Paths: (c)

Solution:

Y
(C) (1’ 1)

;; use y as the

(©)  (a)

parameter (where x = 0) — dr = dyj

b) F.dr =2zydy

Three paths from
(0,0) to (1,1)

19



Line Integrals of Vector Fields

Example — Three Paths: (c)

Solution:
Y
(c) (1,1)
/ use y as the
© | (@) " parameter (where z = 0) — dr = dyj
b) F.dr =2zydy

Thtee paths from
(0.)) 0 (1,1)

use x as the parameter (where y = 1)

dr = dzi, F-dr=y*dx

19



Line Integrals of Vector Fields

Example — Three Paths: (c)

Solution:
Y
(c) (1,1)
/ use y as the
© | (@) " parameter (where z = 0) — dr = dyj
b) F.dr =2zydy

fé [ /F~dr:/y2dz+2xydy
c Jo
Thtee paths from . N
(O,‘ ) to (1,1) = / (0)dy + / (1)dz = 1.
Jo Jo
use x as the parameter (where y = 1)

dr = dzi, F-dr=y*dx

19



Line Integrals of Vector Fields

Example — F =yi—xzj

EXAMPLE
Let F =yi—xzj. Find / F - dr from (1,0) to (0, —1) along
c

(a) the straight line segment joining these points, and

(b) three-quarters of the circle of unit radius centred at the origin and
traversed counterclockwise.

20



Line Integrals of Vector Fields

Solution:

y
(b)
T
N

21



Line Integrals of Vector Fields

Solution:

G
Ned
4_\
™
&’,\
IS

21



Line Integrals of Vector Fields

Solution:

\\ dr = —dii — dij
1 1
/CF dr = /0 ((—t)(~dt) — (1 — £)(—db))

f b

—

o

~
// -Q

21



Line Integrals of Vector Fields

Solution:
Y
/_ . c . 3w
(b) r =costi+sintj, 0§t§7,
1 >
T
(a)
-1

21



Line Integrals of Vector Fields

Solution:

Y

—

/ (b)

3T

r=costi+sintj, 0<t< 5

dr = —sintdti—+ costdt]

F.dr = —sin®tdt — cos® tdt = —dt

21



Line Integrals of Vector Fields

Solution:

Y

—

/ (b)

r=costi+sintj, 0<t< 5

dr = —sintdti—+ costdt]

F.dr = —sin®tdt — cos® tdt = —dt
37 /2
/F-dr:—/ dt:—?ﬂ.
c 0 2

21



Line Integrals of Vector Fields

Solution:

Y

—

/ (b)

r=costi+sintj, 0<t<

Note

dr = —sintdti—+ costdt]

F.dr = —sin®tdt — cos® tdt = —dt

37 /2
[poa—— [ a--7.
c 0 2

Unlike the previous example, different paths give different answers.

21



Line Integrals of Vector Fields

Connected and Simply Connected Domains

A set D in the plane or 3-space is called a domain if D = SU B, where
S is an open set and B is a (possibly empty) set of boundary points of
S.

22



Line Integrals of Vector Fields

Connected and Simply Connected Domains

A set D in the plane or 3-space is called a domain if D = SU B, where
S is an open set and B is a (possibly empty) set of boundary points of
S.

A domain D is said to be connected if every pair of points P and Q in
D can be joined by a piecewise smooth curve lying in D.

22



Line Integrals of Vector Fields

Connected and Simply Connected Domains

A set D in the plane or 3-space is called a domain if D = SU B, where
S is an open set and B is a (possibly empty) set of boundary points of
S.

A domain D is said to be connected if every pair of points P and Q in
D can be joined by a piecewise smooth curve lying in D.

Yy Yy |L‘ >1

2_|_y2§4

connected not connected 22



Line Integrals of Vector Fields

Simply Connected Domains

A closed curve is simple if it has no self-intersections other than
beginning and ending at the same point. (For example, a circle is a
simple closed curve.)

23



Line Integrals of Vector Fields

Simply Connected Domains

A closed curve is simple if it has no self-intersections other than
beginning and ending at the same point. (For example, a circle is a
simple closed curve.)

A simply connected domain D is a connected domain in which every
simple closed curve can be continuously shrunk to a point in D without
any part ever passing out of D.

23



Line Integrals of Vector Fields

Simply Connected Domains

A closed curve is simple if it has no self-intersections other than

beginning and ending at the same point. (For example, a circle is a
simple closed curve.)

A simply connected domain D is a connected domain in which every
simple closed curve can be continuously shrunk to a point in D without
any part ever passing out of D.

Y Y Y

P I . I
T

. . A connected domain A domain that is not
A simply connected domain . . 23
that is not simply connected connected



Line Integrals of Vector Fields

Simply Connected Domains — Remarks

e In the plane, a simply connected domain D can have no holes, not
even a hole consisting of a single point.

24



Line Integrals of Vector Fields

Simply Connected Domains — Remarks

e In the plane, a simply connected domain D can have no holes, not
even a hole consisting of a single point.
e In 3-space, a simply connected domain can have holes.

e The exterior of a ball is simply connected.
e But the set of all points in R® satisfying 2 4+ y* > 0 is not simply

connected.

24



Line Integrals of Vector Fields

Independence of Path

Let D be an open, connected domain, and let F' be a smooth vector
field defined on D. Then the following three statements are equivalent
(if any one is true, so are the other two):

(a) F is conservative in D.

(b) y{ F - dr = 0 for every piecewise smooth, closed curve C' in D.
@

(c) Given any two points Py and P; in D, | F-dr has the same
@,
value for all piecewise smooth curves in D starting at P, and

ending at P;.

25



Line Integrals of Vector Fields

Independence of Path — Evaluating Conservative Integrals

Remark
It is very easy to evaluate the line integral of the tangential component of

a conservative vector field along a curve C', when you know a potential
for F.

26



Line Integrals of Vector Fields

Independence of Path — Evaluating Conservative Integrals

Remark
It is very easy to evaluate the line integral of the tangential component of

a conservative vector field along a curve C', when you know a potential
for F.
If F = V¢ and C goes from F, to Py, then

/CF-dr:/CV¢-dr:¢(P1)—¢(Po).

26



Line Integrals of Vector Fields

Independence of Path — Evaluating Conservative Integrals

Remark
It is very easy to evaluate the line integral of the tangential component of

a conservative vector field along a curve C, when you know a potential
for F.

If F = V¢ and C goes from F, to Py, then

/cF'dr:/cvqﬁ'dr:‘ﬁ(Pl)—¢(Po).

( Because )
F.dr = (aqﬁ +g7qj +? )-(dmi—i—dyj—l—dzk)
09 ¢ (o)
= 9u 4t 5, A+ 5 do=do,
b
d
N /C F.dr— / < [6(e(0)] dt = o(x(b)) — o{r(a). .




Line Integrals of Vector Fields

Example — Conservative Field

EXAMPLE
For what values of the constants A and B is the vector field

F = Azsin(ry)i+ (372 cos(my) + By efz)j +y?e ?k

conservative? For this choice of A and B, evaluate / F - dr, where C is
c

(a) the curve r = costi+sin2tj+ sintk, 0<t<2m, and
(b) the curve of intersection of the paraboloid z = 22 + 432 and the

plane z = 3x — 2y from (0,0,0) to (1, %72)-

27



Line Integrals of Vector Fields

Example — Finding A and B

Solution: F cannot be conservative unless
oFy  0F, OFy  0F3 or,  0F3
oy  Ox’ dz Oz’ oz Oy’

28



Line Integrals of Vector Fields

Example — Finding A and B

Solution: F cannot be conservative unless
oFy  0F, OFy  0F3 or,  0F3
oy  Ox’ dz Oz’ oz Oy’

Computing each:

z z

Amz cos(my) = 2z cos(my), 0=0, —Bye * =2ye *.

28



Line Integrals of Vector Fields

Example — Finding A and B

Solution: F cannot be conservative unless
oFy  0F, OFy  0F3 or,  0F3
oy  Ox’ dz Oz’ oz Oy’

Computing each:

Amz cos(my) = 2z cos(my), 0=0, —Bye * =2ye *.
Thus, we require
2
Ar=2 = A=2-, _-B=2 = B=-2.
77

28



Line Integrals of Vector Fields

Example — Finding A and B

Solution: F cannot be conservative unless
oFy  0F, OFy  0F3 or,  0F3
oy  Ox’ dz Oz’ oz Oy’

Computing each:

Amz cos(my) = 2z cos(my), 0=0, —Bye * =2ye *.
Thus, we require
2
Ar=2 = A=2-, _-B=2 = B=-2.
77

One can verify that F = V¢, where
22

¢(x,y,2) = — sin(my) — y’e
™

—z

28



Line Integrals of Vector Fields

Example — Evaluating the Integrals

Solution: (a) We have r(0) =i=r(27), so this curve is a closed curve,

./CF~dr:jngz5~dr:@.

and

29



Line Integrals of Vector Fields

Example — Evaluating the Integrals

Solution: (a) We have r(0) =i=r(27), so this curve is a closed curve,
and .

/F~dr:j{ Vo -dr=|0]

Je c

(b) Since the curve starts at (0,0,0) and ends at (1, 3,2):

/ F . dr = 6(1,1,2) - $(0,0,0).
C

29



Line Integrals of Vector Fields

Example — Evaluating the Integrals

Solution: (a) We have r(0) =i=r(27), so this curve is a closed curve,
and .

/F~dr:j{ Vo -dr=|0]

Je c

(b) Since the curve starts at (0,0,0) and ends at (1, 3,2):

/ F-dr= (b(lv %72) - ¢(O7070)
c

1oy 1, 1 1 B
(3)-17=5-1= o000=0

29



Line Integrals of Vector Fields

Example — Evaluating the Integrals

Solution: (a) We have r(0) =i=r(27), so this curve is a closed curve,
and .

/F~dr:j{ Vo -dr=|0]

Je c

(b) Since the curve starts at (0,0,0) and ends at (1, 3,2):

/ F-dr= (b(lv %72) - ¢(O7070)
c

L. (”)_ief2zl_i $(0,0,0) = 0.

29
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