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Masses and First Moments

If §(x,y, 2) is the density (mass per
unit volume) of an object occupying
a region D in space, the integral of §
over D gives the mass of the object.

Amy = 8(xy, Yy, 21) AV

To see why, imagine partitioning the
object into n mass elements.

The object’s mass is the limit

n
M = nh_)ngo ; Amy,

x y 27111_{2025 (ks Yns 26) AV
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Masses and First Moments

The first moment of a solid region D about a coordinate plane is defined
as the triple integral over D of the distance from a point (x,y, z) in D to
the plane multiplied by the density of the solid at that point. For
instance, the first moment about the yz-plane is the integral

M,, = ///xé(m,y,z) dv.
D



Masses and First Moments

The first moment of a solid region D about a coordinate plane is defined
as the triple integral over D of the distance from a point (x,y, z) in D to
the plane multiplied by the density of the solid at that point. For
instance, the first moment about the yz-plane is the integral

M,, = ///xé(m,y,z) dv.
D

The center of mass is found from the first moments. For instance, the
a-coordinate of the center of mass is z = M,,. /M.



Masses and First Moments

The first moment of a solid region D about a coordinate plane is defined
as the triple integral over D of the distance from a point (x,y, z) in D to
the plane multiplied by the density of the solid at that point. For
instance, the first moment about the yz-plane is the integral

M,, = ///xé(m,y,z) dv.
D

The center of mass is found from the first moments. For instance, the
a-coordinate of the center of mass is z = M,,. /M.

For a two-dimensional object, such as a thin, flat plate, we calculate first
moments about the coordinate axes by simply dropping the z-coordinate.
So the first moment about the y-axis is the double integral over the

region R forming the plate of the distance from the axis multiplied by the

M, = [ [ ws(a.)da
R

density, or



Masses and First Moments

Three-dimensional Solid

THREE-DIMENSIONAL SOLID

Mass: Let 6 = d(z,y, z) be the density at (z,y, 2)

M= /}!/MV

First moments about the coordinate planes:

My = [[[zsav. .= [[[vsav. s, = [[[z5av
D D D

Center of mass:

M,. M,. M,,

Mo YT M T Tm

Tr =



Masses and First Moments

Two-dimensional Plate

TWO-DIMENSIONAL PLATE

Mass: Let 6 = §(x,y) be the density at (z, )

M = //(5dA
R
First moments:

]\/[y://a:5dA, sz//y(SdA
R R

Center of mass: M, M,

T M

|

M’



Masses and First Moments

Example

EXAMPLE
Find the center of mass of a solid of constant density 6 bounded below

by the disk R : 22 + y? < 4 in the plane z = 0 and above by the
paraboloid z = 4 — 22 — y2.



Masses and First Moments

Example

EXAMPLE
Find the center of mass of a solid of constant density 6 bounded below

by the disk R : 22 + y? < 4 in the plane z = 0 and above by the
paraboloid z = 4 — 22 — y2.
Solution:




Masses and First Moments

Example

EXAMPLE
Find the center of mass of a solid of constant density 6 bounded below

by the disk R : 22 + y? < 4 in the plane z = 0 and above by the

paraboloid z = 4 — 22 — y2.
Solution: By symmetry = § = 0. To find 2,

2=4—z? 2
X u;f///zédzdydx*//{ } §dydz
z:4—x2—y2 :—//4—:52—312 2dydx
27
/ / — 72 Tdrd@
) 0
1 =2
2 [ra-]
0 6 r=0

C
)
y 166 [27 3278
- do = 2272
3 Jo 3

o P
center ~ _



Masses and First Moments

Example

EXAMPLE
Find the center of mass of a solid of constant density 6 bounded below

by the disk R : 22 + y? < 4 in the plane z = 0 and above by the

paraboloid z = 4 — 22 — y2.
Solution: By symmetry = § = 0. To find 2,

2=4—z? 2
N Juf///zédzdydac*//{ } 5 dy dx
z:4—x2—y2 :—//4—:52—312 2dydx
27
/ / — 72 Tdrd@
0 0
1 =2
[ ] o
2 0 6 r=0
y . 27 -
:1766 d€:32ﬂ'5'
3 Jo 3

4—x —y2
M:/// Sdzdyde =876 — 7= (May/M) = 4/3, (3,5,%) =| (0, 0, 4/3)
. 0
7

o P
center ~ _



Masses and First Moments

Example

EXAMPLE
Find the centroid of the region in the first quadrant that is bounded

above by the line y = x and below by the parabola i = z2.



Masses and First Moments

Example

EXAMPLE
Find the centroid of the region in the first quadrant that is bounded

above by the line y = x and below by the parabola i = z2.

Solution:




Masses and First Moments

Example

EXAMPLE
Find the centroid of the region in the first quadrant that is bounded

above by the line y = x and below by the parabola i = z2.

slt. ; 1 x 1 i
ofution: JW:/ /21dyda::/ [y]ziizda:
Y 0 x 0 )
A /1( 2)d |:.I2 I3:| 1 1 1
= r—aNdr=|"——-"—| == ===
17 (1,1) 0 2 31, 2 3
y==zx
®
y = a?
—> T
0 1




Masses and First Moments

Example

EXAMPLE
Find the centroid of the region in the first quadrant that is bounded

above by the line y = x and below by the parabola i = z2.

Solution: h 1
olution: M= / / 1dydr = / Y]y g2 da
y b ’
1 2 371
A 1 1 1
:/(x—x%dm:{x—i} =5"3~ %
14 (1,1) 0 2 3lo 236
a 1 T -1 y2 y==
v="2 Mm:/ / ydydw:/ {} dx
y = a2 J0 Ja? o L2 y=a
1 x2 x4 dr — 1 :EQ — x4 d
Tog)e=f ()



Masses and First Moments

Example

EXAMPLE
Find the centroid of the region in the first quadrant that is bounded

above by the line y = x and below by the parabola y = 22.

Solution:

1 T 1
M, :/ / xdy dx :/ [zyl) 2 dz
0 Ja2 0
1

3 471
= mz—dem:{w—m}
| @ —atar = |5 -5 O



Masses and First Moments

Example

EXAMPLE
Find the centroid of the region in the first quadrant that is bounded

above by the line y = x and below by the parabola y = 22.

Solution:

1 T
JV[y:/ / :L'dyd:r:/ [zyl) 2 dz
0 Ja2 0

4

:/O (22 — 2%)dz = {”“j—ﬂ;

11 1
T3 412
M, 1/12 1 My _1/15 2




Masses and First Moments

Example

EXAMPLE
Find the centroid of the region in the first quadrant that is bounded

above by the line y = x and below by the parabola y = 22.

Solution:
1 T 1
JV[y:/ / :L'dyd:r:/ [zyl) 2 dz Yy
0 Ja2 0 T
1 3 471 1 A
- [ = [T -2 (L
0 3 4]
1 1 1 v=7
_ - _ = °
374 12 )= 22
— T
M, 1/12 1 M, 1/15 2 0 1

T T T2 YT M T 16 s

The centroid is the point (1/2,2/5). ‘




Change of Variables in Triple
Integrals



Integration in Cylindrical Coordinates

z

P=(z,y,2)

r=rcost, y=rsind, z=z,

r? =z 492, tand = 2
T

10



Integration in Cylindrical Coordinates

/ Y _ cylinder r = constant

/\

\\
I \/}

[r, 6, z]

Y

- e horizontal plane

\Z

z = constant

L/\_)<\ vertical half-plane

6 = constant

11



Integration in Cylindrical Coordinates

When computing triple integrals over a region D in cylindrical
coordinates, we partition the region into n small cylindrical wedges,
rather than into rectangular boxes.

12



Integration in Cylindrical Coordinates

When computing triple integrals over a region D in cylindrical
coordinates, we partition the region into n small cylindrical wedges,
rather than into rectangular boxes.

For a point (rg, 0k, zi) in the center of the
kth wedge, we calculate

in polar coordinates that

AAk = T‘k;ATkAHk. So

AV = Az rp Ari A6 and a Riemann
sum for f over D has the form

Sn = Z f(T'k-, Qk, Zk) Azk Tk AT‘k Agk

k=1

12



Integration in Cylindrical Coordinates

When computing triple integrals over a region D in cylindrical
coordinates, we partition the region into n small cylindrical wedges,
rather than into rectangular boxes.

For a point (rg, 0k, zi) in the center of the
kth wedge, we calculate

in polar coordinates that

AAk = T‘k;ATkAHk. So

AV = Az rp Ari A6 and a Riemann
sum for f over D has the form

Sn = Z f(T'k-, Qk, Zk) Azk Tk AT‘k Agk

k=1

77rli_{r;OSn:///de:///fdzralrdﬁ.
D D
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How to Integrate in Cylindrical Coordinates

1. Sketch: Sketch the region D along with its projection R on the
zy-plane. Label the surfaces and curves that bound D and R.

13



How to Integrate in Cylindrical Coordinates

2. Find the z-limits of integration: Draw a line M through a typical
point (r,6) of R parallel to the z-axis. As z increases, M enters D
at z = gi(r,0) and leaves at z = go(r,0). These are the z-limits of
integration.

Z

z=g,r, 0)

z=g8r0)

r = h,(0) 14



How to Integrate in Cylindrical Coordinates

3. Find the r-limits of integration: Draw a ray L through (r,6) from
the origin. The ray enters R at r = hy(0) and leaves at r = ho(6).
These are the r-limits of integration.

z=g5(r, 0)

=g, 0

15



How to Integrate in Cylindrical Coordinates

4. Find the 6-limits of integration: As L sweeps across R, the angle
0 it makes with the positive z-axis runs from § = a to § = 3. These
are the 0-limits of integration.

16



How to Integrate in Cylindrical Coordinates

5. Writing triple integral: Finally, construct the corresponding triple

integral.

// f(r,0,z)dV
D
r=ha(0 z=g2(r,0)
:/ / / f(r,0,2)dzrdrdb.
0 r z=g1(r,0)

17



How to Integrate in Cylindrical Coordinates

Example

EXAMPLE
Find the centroid (§ = 1) of the solid enclosed by the cylinder

2% + 42 = 4, bounded above by the paraboloid z = 22 + 32, and bounded
below by the xy-plane.

18



How to Integrate in Cylindrical Coordinates

Example

EXAMPLE
Find the centroid (§ = 1) of the solid enclosed by the cylinder

2% + 42 = 4, bounded above by the paraboloid z = 22 + 32, and bounded
below by the xy-plane.

Solution:

The solid's centroid (Z,y, Z) lies on its axis of
symmetry, here the z-axis. This makes z =y = 0.
To find z, we divide the first moment M, by the
mass M.

18



How to Integrate in Cylindrical Coordinates

Example

EXAMPLE
Find the centroid (§ = 1) of the solid enclosed by the cylinder

2% + 42 = 4, bounded above by the paraboloid z = 22 + 32, and bounded
below by the xy-plane.

Solution:

The solid's centroid (Z,y, Z) lies on its axis of

ab An symmetry, here the z-axis. This makes z =y = 0.
T To find z, we divide the first moment M, by the
f mass M.

] 2% 2 pr? 21 27,2 2
3 , Myy = / / / zdzrdrdd = / / {—} rdrdf
’ 0 0 0
P-4 R ! 27 27 672 2
- / / ™ drdo = T d9:/ 16 4p — 327
:6) 12 | 0 3 3

18

Centroid




How to Integrate in Cylindrical Coordinates

Example

EXAMPLE
Find the centroid (§ = 1) of the solid enclosed by the cylinder

22 4+ y? = 4, bounded above by the paraboloid z = 22 + y2, and bounded
below by the xy-plane.

SOIUtiOn: 27 2 2 27T 2 2
2 o, M:/ / / dzrdrd&:/ / [z]g rdrdf
=Y 0 o Jo 0 0
27 2 27 1472 27
:/ / r‘sdrdéz/ [7} d@:/ 4dh = 8r.
o Jo 0 4], 0
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How to Integrate in Cylindrical Coordinates

Example

EXAMPLE
Find the centroid (§ = 1) of the solid enclosed by the cylinder

22 4+ y? = 4, bounded above by the paraboloid z = 22 + y2, and bounded
below by the xy-plane.

SOIUtiOn: 27 2 2 27T 2 2
: L, M:/ / / dzrdrd&:/ / [z]g rdrdf
=Y 0 o Jo 0 0
27 2 27 1472 27
:/ / r‘sdrdéz/ [7} d@:/ 4dh = 8r.
o Jo 0 4], 0

19



How to Integrate in Cylindrical Coordinates

Example

EXAMPLE
Find the centroid (§ = 1) of the solid enclosed by the cylinder

22 4+ y? = 4, bounded above by the paraboloid z = 22 + y2, and bounded
below by the xy-plane.

SOIUtiOn: 27 2 2 27T 2 2
: L, M:/ / / dzrdrd&:/ / [z]g rdrdf
=Y 0 o Jo 0 0
27 2 27 1472 27
:/ / r‘sdrdéz/ [7} d@:/ 4dh = 8r.
o Jo 0 4], 0

~

4
Centroid = (0,0, §)

19



Integration in Spherical Coordinates

z
P =(xy,z2)
= [p, ¢, 0]
P :
¢/ iz
|
|
Oﬁ - Y
x
r = psin ¢, xr =rcos = psin¢cosb,

Z = pcos ¢, y=rsinf = psin¢sinb,

p=\/x2+y2—|—z2:\/r2+z2.

20



Integration in Spherical Coordinates




Integration in Spherical Coordinates

When computing triple integrals over a

o region D in spherical coordinates, we
Pk SIN P

ey / msingdg,  partition the region into n spherical wedges.

AV, = g sin ¢ Apr Ay Aby

22



Integration in Spherical Coordinates

When computing triple integrals over a
prsindy region D in spherical coordinates, we
oA / msingdg,  partition the region into n spherical wedges.
\ The corresponding Riemann sum for a

function f(p,¢,0) is

Sn =Y f(prs brs Ok) P sin 61, Apy Ay Ay

k=1

AV, = g sin ¢ Apr Ay Aby

22



Integration in Spherical Coordinates

When computing triple integrals over a
prsindy region D in spherical coordinates, we
oA / msingdg,  partition the region into n spherical wedges.
\ The corresponding Riemann sum for a

function f(p,¢,0) is

Sp = Zf Pis Ors Or) piy sin g, Apy, Ay Ab.

lim S5, —// f(p,¢,0)

:// F(p, 6,0) p? sin $dp dp db.
D

AV, = g sin ¢ Apr Ay Aby

22



How to Integrate in Spherical Coordinates

1. Sketch: Sketch the region D along with its projection R on the
zy-plane. Label the surfaces that bound D.

23



How to Integrate in Spherical Coordinates

2. Find the p-limits of integration: Draw a ray M from the origin
through D making an angle ¢ with the positive z-axis. Also draw
the projection of M on the zy-plane (call the projection L). The ray
L makes an angle 8 with the positive x-axis. As p increases, M
enters D at p = g1(¢, 0) and leaves at p = g2(¢,0). These are the
p-limits of integration. .

24



How to Integrate in Spherical Coordinates

3. Find the ¢-limits of integration: For any given 6, the angle ¢ that
M makes with the z-axis runs from ¢ = @din t0 ® = Gmax. I hese
are the ¢-limits of integration.

25




How to Integrate in Spherical Coordinates

4. Find the 6-limits of integration: The ray L sweeps over R as 0
runs from a to 3. These are the -limits of integration.

26



How to Integrate in Spherical Coordinates

5. Writing triple integral: Finally, construct the corresponding triple

integral.

/! F(0.6,0)dV

P=¢max pP= 92(¢ 6
- / / [ He.00)#sinodpdo i
0 (b ¢min P gl((/j) 9

27



How to Integrate in Spherical Coordinates

Example

EXAMPLE
Find the volume of the “ice cream cone” D cut from the solid sphere

p <1 by the cone ¢ = 7/3.

28



How to Integrate in Spherical Coordinates

Example

EXAMPLE
Find the volume of the “ice cream cone” D cut from the solid sphere

p <1 by the cone ¢ = 7/3.

Solution:

M
Sphere p =1

28



How to Integrate in Spherical Coordinates

Example

EXAMPLE
Find the volume of the “ice cream cone” D cut from the solid sphere

p <1 by the cone ¢ = 7/3.

Solution: Y/:Z/K/p2$n¢dpd¢d9

27 pm/3
M / / /p sin ¢ dp d¢ db
Sphere p =1
5 2m P
:/ / {} sin ¢ d¢ df
g _x o Jo 3 1o
3 2w pm/3 1
/ / —sin ¢ d¢ df
0 0 3
O [ "
0 3 0
1
6

[
IS

1 1 T
S)do=(2m) =Z.
+Q =3,




Substitutions in Triple Integrals

Suppose that a region GG in uvw-space is transformed one-to-one into the
region D in zyz-space by differentiable equations of the form

x = g(u,v,w), y = h(u,v,w), z = k(u,v,w).

w z
y = h(u,v,w)
z = k(u,v,w)
_—
D
G v 4
u x
Cartesian uvw-space Cartesian zyz-space

29



Substitutions in Triple Integrals

Then any function F(z,y, z) defined on D can be thought of as a
function

F(g(u,v,w), h(u,v,w), k(u,v,w)) = H(u,v,w)

defined on G. If g, h, and k have continuous first partial derivatives, then
the integral of F'(x,y,z) over D is related to the integral of H(u,v,w)
over GG by the equation

///F(m,y,z) drdydz = ///H(u,v,w) [J(u, v, w)| dudv dw,
D G

30



Substitutions in Triple Integrals

Then any function F(z,y, z) defined on D can be thought of as a
function

F(g(u,v,w), h(u,v,w), k(u,v,w)) = H(u,v,w)

defined on G. If g, h, and k have continuous first partial derivatives, then
the integral of F'(x,y,z) over D is related to the integral of H(u,v,w)
over GG by the equation

///F(:v,y,z) drdydz = ///H(u,v,w) [J(u, v, w)| dudv dw,
D G

The factor J(u, v, w) is the Jacobian determinant

Oou Ov Ow
oy oy oy|_ dy2)
J(u,v,w) = 90 v ow _8(11,,11,11)).
ou Ov Ow

30



Substitutions in Triple Integrals

Example

EXAMPLE
Evaluate

z=(y/2)+1
/ / / ( y—I—Z)dazdydz
= J/2 2 3

by applying the transformation u = (2z —y)/2, v=vy/2, w=2z/3
and integrating over an appropriate region in uvw-space.

31



Substitutions in Triple Integrals

Example

EXAMPLE
Evaluate

x=(y/2)+1
/// ( y-l—Z)da:dydz
o=y/2 2 3

by applying the transformation u = (2z —y)/2, v=vy/2, w=2z/3

and integrating over an appropriate region in uvw-space.
Rear plane:

Solution: z=4 ory =2z

Front plane:
x=4+10ory=2x—2

31



Substitutions in Triple Integrals

Example

EXAMPLE
Evaluate

8 4 pa=(u/D+1 o
/ / / ( Sl + Z) dz dy dz
0 JOo Jz=y/2 2 3

by applying the transformation v = (22 — y)/2, v=y/2, w=2z/3
and integrating over an appropriate region in uvw-space.

Solution: Since x =u+v, y=2v z= 3w, we have

ou OJv Ow 110

J(u,v.,w):@ 9y @20 2 0/=6
ou Ov Ow 0 0 3
ou Ov Ow

32



Substitutions in Triple Integrals

Example

Solution: Finally,

z=(y/2)+1 B
/// < y+z>dxdydz
z=y/2 2 3
1 :///(“+w)|J(UaU,w)|dudvdw
0 0 0
1 G R
— :/ //(“+w)(6)dudvdw

+ uw} dv dw

1 NN
u - //( )dvdw
o [ [4+wl]

1
0 0

33
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