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Limits and Continuity

Definition of Limit

We say that lim
(x,y)→(a,b)

f(x, y) = L, provided that

(i) every neighbourhood of (a, b) contains points of the domain

of f different from (a, b), and

(ii) for every positive number ϵ there exists a positive number

δ = δ(ϵ) such that |f(x, y)− L| < ϵ holds whenever (x, y) is

in the domain of f and satisfies

0 <
√

(x− a)2 + (y − b)2 < δ.
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Limits and Continuity

All the usual laws of limits extend to functions of several variables in the

obvious way.

For example, if lim
(x,y)→(a,b)

f(x, y) = L, lim
(x,y)→(a,b)

g(x, y) = M , and

every neighbourhood of (a, b) contains points in D(f) ∩ D(g) other than

(a, b), then

lim
(x,y)→(a,b)

(
f(x, y)± g(x, y)

)
= L±M,

lim
(x,y)→(a,b)

f(x, y)g(x, y) = LM,

lim
(x,y)→(a,b)

f(x, y)

g(x, y)
=

L

M
, provided M ̸= 0.

Also, if F (t) is continuous at t = L, then

lim
(x,y)→(a,b)

F (f(x, y)) = F (L).
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Limits and Continuity

EXAMPLE
Evaluate the following limits:

(a) lim
(x,y)→(2,3)

(
2x− y2

)

= 4− 9 = −5

(b) lim
(x,y)→(a,b)

x2y

= a2b

(c) lim
(x,y)→(π/3,2)

y sin

(
x

y

)

= 2 sin

(
π/3

2

)
= 2 sin

(π
6

)
= 1
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Limits and Continuity

EXAMPLE
Investigate the limiting behaviour of f(x, y) = 2xy

x2+y2 as (x, y)

approaches (0, 0).

Solution: Let’s approach (0, 0) along different paths:

• Along the x-axis (where y = 0 and x ̸= 0):

f(x, 0) =
2x(0)

x2 + 02
= 0 =⇒ lim

x→0
f(x, 0) = 0

• Along the line y = x (where x ̸= 0):

f(x, x) =
2x(x)

x2 + x2
=

2x2

2x2
= 1 =⇒ lim

x→0
f(x, x) = 1

Since we obtain different limits when approaching (0, 0) along different

paths, the limit

lim
(x,y)→(0,0)

2xy

x2 + y2
does not exist.
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Limits and Continuity

EXAMPLE

Investigate the limiting behaviour of f(x, y) = 2x2y
x4+y2 as (x, y)

approaches (0, 0).

Solution: Let’s test different paths:

• Along any straight line y = mx (where x ̸= 0):

f(x,mx) =
2x2(mx)

x4 + (mx)2
=

2mx3

x4 +m2x2
=

2mx

x2 +m2

=⇒ lim
x→0

f(x,mx) =
0

0 +m2
= 0

• Along the parabola y = x2 (where x ̸= 0):

f(x, x2) =
2x2(x2)

x4 + (x2)2
=

2x4

x4 + x4
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2x4

2x4
= 1

=⇒ lim
x→0
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Since different paths lead to different limits, the limit does not exist.
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Limits and Continuity

EXAMPLE

Show that the function f(x, y) =
x2y

x2 + y2
does have a limit at the origin;

specifically,

lim
(x,y)→(0,0)

x2y

x2 + y2
= 0.

Solution: This function is also defined everywhere except at the origin.

Observe that since x2 ≤ x2 + y2, we have

|f(x, y)− 0| =
∣∣∣∣ x2y

x2 + y2

∣∣∣∣ = x2

x2 + y2
|y| ≤ |y| ≤

√
x2 + y2,

which approaches zero as (x, y) → (0, 0).
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Limits and Continuity

Definition of Continuity

The function f(x, y) is continuous at the point (a, b) if

lim
(x,y)→(a,b)

f(x, y) = f(a, b).

It remains true that sums, differences, products, quotients, and

compositions of continuous functions are continuous.
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Limits and Continuity

As for functions of one variable, the existence of a limit of a function at a

point does not imply that the function is continuous at that point.

The function

f(x, y) =

{
0 if (x, y) ̸= (0, 0)

1 if (x, y) = (0, 0)

satisfies lim
(x,y)→(0,0)

f(x, y) = 0, which is not equal to f(0, 0), so f is not

continuous at (0, 0).

Of course, we can make f continuous at (0, 0) by redefining its value at

that point to be 0.
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Partial Derivatives

The first partial derivatives of the function f(x, y) with respect

to the variables x and y are the functions f1(x, y) and f2(x, y)

given by

f1(x, y) = lim
h→0

f(x+ h, y)− f(x, y)

h
,

f2(x, y) = lim
k→0

f(x, y + k)− f(x, y)

k
,

provided these limits exist.

EXAMPLE
If f(x, y) = x2 sin y, then

f1(x, y) = 2x sin y and f2(x, y) = x2 cos y.
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Partial Derivatives

plane y = b

x

y

z

(a, b, f(a, b))

a

b

z = f(x, y)

f1(a, b) is the slope of the curve of intersection of z = f(x, y) and the

vertical plane y = b at x = a.
12



Partial Derivatives

plane x = a

x

y

z

(a, b, f(a, b))

a

b

z = f(x, y)

f2(a, b) is the slope of the curve of intersection of z = f(x, y) and the

vertical plane x = a at y = b.
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Partial Derivatives

Notations for first partial derivatives

∂z

∂x
=

∂

∂x
f(x, y) = f1(x, y) = D1f(x, y)

∂z

∂y
=

∂

∂y
f(x, y) = f2(x, y) = D2f(x, y)

Values of partial derivatives

∂z

∂x

∣∣∣∣
(a,b)

=

(
∂

∂x
f(x, y)

)∣∣∣∣
(a,b)

= f1(a, b) = D1f(a, b)

∂z

∂y

∣∣∣∣
(a,b)

=

(
∂

∂y
f(x, y)

)∣∣∣∣
(a,b)

= f2(a, b) = D2f(a, b)
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∂z

∂x

∣∣∣∣
(a,b)

=

(
∂

∂x
f(x, y)

)∣∣∣∣
(a,b)

= f1(a, b) = D1f(a, b)

∂z

∂y

∣∣∣∣
(a,b)

=

(
∂

∂y
f(x, y)

)∣∣∣∣
(a,b)

= f2(a, b) = D2f(a, b)

14



Partial Derivatives

EXAMPLE
Find ∂z/∂x and ∂z/∂y if z = x3y2 + x4y + y4.

Solution:

∂z

∂x
= 3x2y2 + 4x3y and

∂z

∂y
= 2x3y + x4 + 4y3.

EXAMPLE
Find f1(0, π) if f(x, y) = exy cos(x+ y).

Solution:

f1(x, y) = yexy cos(x+ y)− exy sin(x+ y),

f1(0, π) = πe0 cos(π)− e0 sin(π) = −π.
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Partial Derivatives

The single-variable version of the Chain Rule also continues to apply to,

say, f(g(x, y)), where f is a function of only one variable having

derivative f ′:

∂

∂x
f(g(x, y)) = f ′(g(x, y))g1(x, y),

∂

∂y
f(g(x, y)) = f ′(g(x, y))g2(x, y).

EXAMPLE
If f is an everywhere differentiable function of one variable, show that

z = f(x/y) satisfies the partial differential equation

x
∂z

∂x
+ y

∂z

∂y
= 0.

Solution: By the (single-variable) Chain Rule,

∂z

∂x
= f ′

(
x

y

)(
1

y

)
and

∂z

∂y
= f ′

(
x

y

)(
−x

y2

)
.

Hence,

x
∂z

∂x
+ y

∂z

∂y
= f ′

(
x

y

)(
x× 1

y
+ y × −x

y2

)
= 0.
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Partial Derivatives

Definition of partial derivatives of functions of two variables can be

extended to cover functions of more than two variables.

If f is a function of n variables x1, x2, . . . , xn, then f has n first partial

derivatives, f1(x1, x2, . . . , xn), f2(x1, x2, . . . , xn), . . . ,

fn(x1, x2, . . . , xn), one with respect to each variable.

EXAMPLE

∂

∂z

(
2xy

1 + xz + yz

)

= − 2xy

(1 + xz + yz)2
(x+ y).

Again, all the standard differentiation rules are applied to calculate partial

derivatives.
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Partial Derivatives

Remark If a single-variable function f(x) has a derivative f ′(a) at

x = a, then f is necessarily continuous at x = a. This property does not

extend to partial derivatives. Even if all the first partial derivatives of a

function of several variables exist at a point, the function may still fail to

be continuous at that point.

x

y

z

0

1
L1

L2

z = 0, xy 0

z = 1, xy = 0{
lim

(x,y)→(0,0)
f(x, y)

∣∣∣∣
y=x

= lim
(x,y)→(0,0)

0 = 0.

f(0, 0) = 1

∂f/∂x = 0 at (0, 0)

∂f/∂y = 0 at (0, 0)
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Tangent Planes and Normal Lines

n

P

plane y = b

plane x = a

tangent plane

x

y

z
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Tangent Planes and Normal Lines

n

P

plane y = b

plane x = a

tangent plane

x

y

z

Direction of tangent on

y = b: i+ f1(a, b)k

Direction of tangent on

x = a: j+ f2(a, b)k

A normal to the tangent plane at P is given

by

n = (i+ f1(a, b)k)× (j+ f2(a, b)k

)

=

∣∣∣∣∣∣∣
i j k

1 0 f1(a, b)

0 1 f2(a, b)

∣∣∣∣∣∣∣
= −f1(a, b)i− f2(a, b)j+ k

The tangent plane is given by

n · ⟨x− a, y − b, z − f(a, b)⟩ = 0,

or, equivalently,

z = f(a, b)+f1(a, b)(x−a)+f2(a, b)(y−b).

20
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Tangent Planes and Normal Lines

The normal line to z = f(x, y) at (a, b, f(a, b)) has direction vector

f1(a, b)i+ f2(a, b)j− k and so has equations

x− a

f1(a, b)
=

y − b

f2(a, b)
=

z − f(a, b)

−1

with suitable modifications if either f1(a, b) = 0 or f2(a, b) = 0.
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Tangent Planes and Normal Lines

EXAMPLE
Find a normal vector and equations of the tangent plane and normal line

to the graph z = sin(xy) at the point where x = π/3 and y = −1.

Solution: The point on the graph has coordinates (π/3,−1,−
√
3/2).

Now

∂z

∂x
= y cos(xy) and

∂z

∂y
= x cos(xy).

At (π/3,−1) we have ∂z/∂x = −1/2 and ∂z/∂y = π/6. Therefore, the

surface has normal vector n = −(1/2)i+ (π/6)j− k and tangent plane

z =
−
√
3

2
− 1

2

(
x− π

3

)
+

π

6
(y + 1),

or, more simply, 3x− πy + 6z = 2π − 3
√
3.
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= y cos(xy) and

∂z

∂y
= x cos(xy).

At (π/3,−1) we have ∂z/∂x = −1/2 and ∂z/∂y = π/6. Therefore, the

surface has normal vector n = −(1/2)i+ (π/6)j− k and tangent plane

z =
−
√
3

2
− 1

2

(
x− π

3

)
+

π

6
(y + 1),

or, more simply, 3x− πy + 6z = 2π − 3
√
3.
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Tangent Planes and Normal Lines

Solution (continued):

The normal line has equation

x− π

3

−1

2

=
y + 1
π

6

=
z +

√
3

2
−1

or
6x− 2π

−3
=

6y + 6

π
=

6z + 3
√
3

−6
.
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Tangent Planes and Normal Lines

EXAMPLE
What horizontal plane is tangent to the surface

z = x2 − 4xy − 2y2 + 12x− 12y − 1,

and what is the point of tangency?

Solution: A plane is horizontal only if its equation is of the form z = k,

that is, it is independent of x and y.

Therefore, we must have ∂z/∂x = ∂z/∂y = 0 at the point of tangency.

The equations

∂z

∂x
= 2x− 4y + 12 = 0

∂z

∂y
= −4x− 4y − 12 = 0

have solution x = −4, y = 1.

For these values we have z = −31,

so the required tangent plane has

equation z = −31 and the point of

tangency is (−4, 1,−31).
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Distance from a Point to a Surface: A Geometric Example

EXAMPLE
Find the distance from the point (3, 0, 0) to the hyperbolic paraboloid

with equation z = x2 − y2.

Solution:

x

y

z
z = x2 y2

P

Q(X, Y, Z)

If Q is the point on z = x2 − y2

closest to P , then
−−→
PQ is normal

to the surface.

−−→
PQ = (X − 3)i+ Y j+ Zk

n = 2Xi− 2Y j− k is normal to surface
−−→
PQ = tn for some scalar t.

↓
X−3 = 2Xt, Y = −2Y t, and Z = −t.

Y = 0 t = −1/2
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Distance from a Point to a Surface: A Geometric Example

Solution (cont.):

CASE I If Y = 0, then

X =
3

1− 2t
and Z = −t.

But Z = X2 − Y 2, so we must

have

−t =
9

(1− 2t)2
.

t

y

−1 1−2 2

y = −t

t = 1
2

y =
9

(1−2t)2

t=−1

X = 1, Y = 0, Z = 1

t = −1 ⇒ (1, 0, 1)

the distance to P is
√
5

CASE II t = −1/2

X = 3/2, Z = 1/2, and

Y = ±
√
X2 − Z = ±

√
7/2,

the distance from these points to

P is
√
17/2.

(
3

2
, ±

√
7√
2
,
1

2

)
points on z = x2 − y2

closest to P .

26
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Higher-Order Derivatives



Higher-Order Derivatives

z = f(x, y)

∂2z

∂x2
=

∂

∂x

∂z

∂x
= f11(x, y) = fxx(x, y),

∂2z

∂y2
=

∂

∂y

∂z

∂y
= f22(x, y) = fyy(x, y),

∂2z

∂x ∂y
=

∂

∂x

∂z

∂y
= f21(x, y) = fyx(x, y),

∂2z

∂y ∂x
=

∂

∂y

∂z

∂x
= f12(x, y) = fxy(x, y).

Similarly, if w = f(x, y, z), then

∂5w

∂y ∂x ∂y2 ∂z
=

∂

∂y

∂

∂x

∂

∂y

∂

∂y

∂w

∂z
= f32212(x, y, z) = fzyyxy(x, y, z).
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Higher-Order Derivatives

EXAMPLE
Find the four second partial derivatives of f(x, y) = x3y4.

Solution:

f1(x, y) = 3x2y4,

f11(x, y) =
∂

∂x
(3x2y4) = 6xy4,

f12(x, y) =
∂

∂y
(3x2y4) = 12x2y3,

f2(x, y) = 4x3y3,

f21(x, y) =
∂

∂x
(4x3y3) = 12x2y3,

f22(x, y) =
∂

∂y
(4x3y3) = 12x3y2.

28



Higher-Order Derivatives

EXAMPLE
Find the four second partial derivatives of f(x, y) = x3y4.

Solution:

f1(x, y) = 3x2y4,

f11(x, y) =
∂

∂x
(3x2y4) = 6xy4,

f12(x, y) =
∂

∂y
(3x2y4) = 12x2y3,

f2(x, y) = 4x3y3,

f21(x, y) =
∂

∂x
(4x3y3) = 12x2y3,

f22(x, y) =
∂

∂y
(4x3y3) = 12x3y2.

28



Higher-Order Derivatives

EXAMPLE
Find the four second partial derivatives of f(x, y) = x3y4.

Solution:

f1(x, y) = 3x2y4,

f11(x, y) =
∂

∂x
(3x2y4) = 6xy4,

f12(x, y) =
∂

∂y
(3x2y4) = 12x2y3,

f2(x, y) = 4x3y3,

f21(x, y) =
∂

∂x
(4x3y3) = 12x2y3,

f22(x, y) =
∂

∂y
(4x3y3) = 12x3y2.

28



Higher-Order Derivatives

EXAMPLE
Find the four second partial derivatives of f(x, y) = x3y4.

Solution:

f1(x, y) = 3x2y4,

f11(x, y) =
∂

∂x
(3x2y4) = 6xy4,

f12(x, y) =
∂

∂y
(3x2y4) = 12x2y3,

f2(x, y) = 4x3y3,

f21(x, y) =
∂

∂x
(4x3y3) = 12x2y3,

f22(x, y) =
∂

∂y
(4x3y3) = 12x3y2.

28



Higher-Order Derivatives

EXAMPLE
Find the four second partial derivatives of f(x, y) = x3y4.

Solution:

f1(x, y) = 3x2y4,

f11(x, y) =
∂

∂x
(3x2y4) = 6xy4,

f12(x, y) =
∂

∂y
(3x2y4) = 12x2y3,

f2(x, y) = 4x3y3,

f21(x, y) =
∂

∂x
(4x3y3) = 12x2y3,

f22(x, y) =
∂

∂y
(4x3y3) = 12x3y2.

28



Higher-Order Derivatives

EXAMPLE
Calculate f223(x, y, z), f232(x, y, z), and f322(x, y, z) for the function

f(x, y, z) = ex−2y+3z.

Solution:

f223(x, y, z) =
∂

∂z

∂

∂y

∂

∂y
ex−2y+3z

=
∂

∂z

∂

∂y
(−2ex−2y+3z)

=
∂

∂z
(4ex−2y+3z)

= 12 ex−2y+3z,

f232(x, y, z) =
∂

∂y

∂

∂z

∂

∂y
ex−2y+3z

=
∂

∂y

∂

∂z
(−2ex−2y+3z)

=
∂

∂y
(−6ex−2y+3z)

= 12 ex−2y+3z,

f322(x, y, z) =
∂

∂y

∂

∂y

∂

∂z
ex−2y+3z

=
∂

∂y

∂

∂y
(3ex−2y+3z) =

∂

∂y
(−6ex−2y+3z) = 12 ex−2y+3z.
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Higher-Order Derivatives

THEOREM Equality of mixed partials
Suppose that two mixed nth-order partial derivatives of a function f

involve the same differentiations but in different orders. If those partials

are continuous at a point P , and if f and all partials of f of order less

than n are continuous in a neighbourhood of P , then the two mixed

partials are equal at the point P .
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