MAT124 MATHEMATICS Il

Limits and Continuity
Partial Derivatives




Limits and Continuity
Partial Derivatives
Tangent Planes and Normal Lines

Higher-Order Derivatives



Limits and Continuity



Limits and Continuity

Definition of Limit

We say that  lim  f(z,y) = L, provided that

(z,y)—=(a,b)
(i) every neighbourhood of (a,b) contains points of the domain
of f different from (a,b), and

(i) for every positive number e there exists a positive number
0 = 0(e) such that |f(z,y) — L| < € holds whenever (z,y) is
in the domain of f and satisfies

0<+(z—a)2+(y—b)2<d.
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Also, if F'(t) is continuous at ¢ = L, then

(w’y%igl(a!b) F(f(z,y)) = F(L).



Limits and Continuity

EXAMPLE
Evaluate the following limits:

a lim 20 — y?
@) (ryy)—>(273)( Y )

b lim x?
(b) (2,y)—(a,b) v

T
C lim sin | —
(c) (w7z/)—>(7r/372)y <y>
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EXAMPLE
Evaluate the following limits:
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Limits and Continuity

EXAMPLE
Evaluate the following limits:

a lim 2t —y?) =4—-9=-5
@) (ryy)—>(273)( Y )

b li 2y =a?b
(b) @sar 0

(c) lim y sin ) —2sin L/3 = 2sin (I> =1
(@,y)—(m/3,2) Y 2 6



Limits and Continuity

EXAMPLE
Investigate the limiting behaviour of f(z,y) = a;zsz,z as (z,vy)

approaches (0,0).
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EXAMPLE
Investigate the limiting behaviour of f(z,y) = a;zsz,z as (z,vy)

approaches (0, 0).

Solution: Let's approach (0,0) along different paths:

e Along the z-axis (where y = 0 and x # 0):
22(0)
22 + 02

f(I,O) =

=0 = lim f(z,0)=0
z—0
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EXAMPLE
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Limits and Continuity

EXAMPLE
Investigate the limiting behaviour of f(z,y) = wfﬁ’/z as (z,vy)

approaches (0, 0).

Solution: Let's approach (0,0) along different paths:

e Along the z-axis (where y = 0 and x # 0):

o 22(0) . -
e Along the line y = x (where z # 0):
2x(x) 222 .
f(x’«f)—m—ﬁ—l = ilg%f(z,x)—l

Since we obtain different limits when approaching (0,0) along different
paths, the limit

2xy

lim does not exist.
(2,1)—(0,0) T2 + 32




Limits and Continuity

EXAMPLE

Investigate the limiting behaviour of f(z,y) = -4

2
554::»1}2 as (]},y)

approaches (0,0).
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EXAMPLE
2

Investigate the limiting behaviour of f(z,y) = xﬁff}g as (x,y)

approaches (0, 0).
Solution: Let's test different paths:
e Along any straight line y = ma (where = # 0):

222 (mx) 2ma3 2mx
fla,mz) = — 2 = 4 2,2 g2 2
x4+ (max) xt +m2x z2+m
0
=0
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EXAMPLE
2

Investigate the limiting behaviour of f(z,y) = xﬁff}g as (x,y)

approaches (0, 0).
Solution: Let's test different paths:
e Along any straight line y = ma (where = # 0):

22%(max) 2ma® 2mz
f(z,mz) = — 2 4 2,2 2 2
x* + (max) xt + m2z 24+ m
. 0
=l floma) =575 =0
e Along the parabola y = 22 (where z # 0):
22%(2?) 274 2z

2
— — = — :].
[z, 2%) o (222 ittt 22t

. . 2y
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Limits and Continuity

EXAMPLE
2

Investigate the limiting behaviour of f(z,y) = xﬁff}g as (x,y)

approaches (0, 0).
Solution: Let's test different paths:
e Along any straight line y = ma (where = # 0):

22%(max) 2ma® 2mz
f(z,mz) = — 2 4 2,2 2 2
x* + (max) xt + m2z 24+ m
. 0
=l floma) =575 =0
e Along the parabola y = 22 (where z # 0):
22%(2?) 274 2z

2
— — :7:1
[z, 2%) o (222 ittt 22t
el 2y
= B/ =t

Since different paths lead to different limits, the limit does not exist.
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Show that the function f(x,y) = Iiy2 does have a limit at the origin;
Y
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2
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Solution: This function is also defined everywhere except at the origin.
Observe that since 22 < 22 + 32, we have
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Y
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specifically,
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Ty

lim @ — 2 =
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Solution: This function is also defined everywhere except at the origin.
Observe that since 22 < 22 + 32, we have

(E2y
1;2 + y2

2
X
syl < |yl < Va? + 42,
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[f(x,y) = 0] =




Limits and Continuity

EXAMPLE

Show that the function f(x,y) = Iiy2 does have a limit at the origin;
Y

x? 4+
specifically,

2
Ty

lim @ — 2 =
(2,9)—(0,0) 2 + Y2

Solution: This function is also defined everywhere except at the origin.
Observe that since 22 < 22 + 32, we have

(E2y
1;2 + y2

2
. x
[f(z,y) = 0] = sl <yl < Va2 + 92,

:Jr2—|—y

which approaches zero as (z,y) — (0,0).



Limits and Continuity

Definition of Continuity

The function f(x,y) is continuous at the point (a, b) if

lim x,y) = f(a,b).
(w,y)ﬂ(a)b)f( y) = f(a,b)




Limits and Continuity

Definition of Continuity

The function f(x,y) is continuous at the point (a, b) if

lim x,y) = f(a,b).
(w,y)ﬂ(a)b)f( y) = f(a,b)

It remains true that sums, differences, products, quotients, and
compositions of continuous functions are continuous.




Limits and Continuity

As for functions of one variable, the existence of a limit of a function at a
point does not imply that the function is continuous at that point.

10
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Limits and Continuity

As for functions of one variable, the existence of a limit of a function at a
point does not imply that the function is continuous at that point.

The function
{0 if (2,y) # (0,0)
fle = {1 if (x,y) = (0,0)

satisfies  lim )f(:uy) = 0, which is not equal to f(0,0), so f is not
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continuous at (0,0).
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Limits and Continuity

As for functions of one variable, the existence of a limit of a function at a
point does not imply that the function is continuous at that point.

The function
{0 if (2,y) # (0,0)
fle = {1 if (x,y) = (0,0)

satisfies  lim  f(=z,y) = 0, which is not equal to f(0,0), so f is not

(z,y)—(0,0)
continuous at (0,0).

Of course, we can make f continuous at (0,0) by redefining its value at
that point to be 0.

10
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Partial Derivatives

The first partial derivatives of the function f(z,y) with respect
to the variables = and y are the functions fi(z,y) and fa(z,y)

given by
fiw,y) = lim <=’”+hy]3 fy).
k) —
fal,y) = lim flz,y+ ]Z fay)

provided these limits exist.

EXAMPLE
If f(z,y) = 2?siny, then
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Partial Derivatives

The first partial derivatives of the function f(z,y) with respect
to the variables = and y are the functions fi(z,y) and fo(z,y)

given by
fiw,y) = lim C’”’ly}i fy).
k) —
fal,y) = lim flz,y+ ;2 fay)

provided these limits exist.

EXAMPLE
If f(z,y) = 2?siny, then

fi(z,y) = 2xsiny and falx,y) = 2° cosy.

11



Partial Derivatives

plane y=b»b

f1(a,b) is the slope of the curve of intersection of z = f(z,y) and the

vertical plane y = b at = = a. 1



Partial Derivatives

plane x=a

N

Z=fix,y)

>

f2(a,b) is the slope of the curve of intersection of z = f(x,y) and the
vertical plane z = a at y = b.



Partial Derivatives

Notations for first partial derivatives

% _ 0 fow) = hilwy) = Dif(wy)

0z

% D o) = o) = DaSloy)

14



Partial Derivatives

Notations for first partial derivatives

% _ a%f(x,y) = fi(w,y) = Dy f(x,y)
%; _ (%f(x, y) = fale.y) = Daf(z,y)

Values of partial derivatives

0z 0
— = | —f(z, = ,b)=D b
9 s <8xf( y)) -, f1(a,b) 1f(a,b)
0z 0
i = [ =—f(, = fa(a,b) = D5 f(a,b
5 )0sy <ayf( U)) . fa(a,b) = Dy f(a,b)

14



Partial Derivatives

EXAMPLE
Find 0z/0x and 0z/0y if z = 2%y* + 2ty + y*.
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Partial Derivatives

EXAMPLE
Find 0z/0x and 0z/0y if z = 2%y* + 2ty + y*.

Solution:

0 0

a—i = 322y? + 423y and 8—; =203y + o + 497,
EXAMPLE

Find f1(0,7) if f(z,y) = €™ cos(z +y).

Solution:
fi(z,y) = ye™ cos(z +y) — ™ sin(z + y),

f1(0,7) = e’ cos(n) — e%sin(r) = —7.

15



Partial Derivatives

The single-variable version of the Chain Rule also continues to apply to,
say, f(g(x,y)), where f is a function of only one variable having
derivative f”:

%f(g(fc,y)) = f'(g(z,y)g1(z, y), 8%1’(9(17, y)) = f'(g(z,y))g2(z, ).

16



Partial Derivatives

The single-variable version of the Chain Rule also continues to apply to,
say, f(g(x,y)), where f is a function of only one variable having

derivative f”:
%f(g(fc,y)) = f'(g9(x,9))g1(z,y), 8%1’(9(17, y)) = f'(9(x,9))g92(x,y).

EXAMPLE
If fis an everywhere differentiable function of one variable, show that

z = f(x/y) satisfies the partial differential equation

16



Partial Derivatives

The single-variable version of the Chain Rule also continues to apply to,
say, f(g(x,y)), where f is a function of only one variable having
derivative f”:

%f(g(fc,y)) = f'(g(z,y)g1(z, y), %f(g(l‘, y)) = f'(g(z,y))g2(z, ).

EXAMPLE
If fis an everywhere differentiable function of one variable, show that

z = f(x/y) satisfies the partial differential equation

Solution: By the (single-variable) Chain Rule,

16



Partial Derivatives

The single-variable version of the Chain Rule also continues to apply to,
say, f(g(x,y)), where f is a function of only one variable having
derivative f”:

%f(g(fc,y)) = f'(g(z,y)g1(z, y), %f(g(l‘, y)) = f'(g(z,y))g2(z, ).

EXAMPLE
If fis an everywhere differentiable function of one variable, show that

z = f(x/y) satisfies the partial differential equation

Solution: By the (single-variable) Chain Rule,
= = - |- and — = )= -
o: =7 \y) oy T \y )\
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Partial Derivatives

The single-variable version of the Chain Rule also continues to apply to,

say, f(g(x,y)), where f is a function of only one variable having
derivative f”:

%f(g(fc,y)) = f'(g(z,y)g1(z, y), %f(g(l‘, y)) = f'(g(z,y))g2(z, ).

EXAMPLE
If fis an everywhere differentiable function of one variable, show that

z = f(x/y) satisfies the partial differential equation

Solution: By the (single-variable) Chain Rule,

BrOE - 506

Hence,
ox Yoy 7 \y y Ve ' 16



Partial Derivatives

Definition of partial derivatives of functions of two variables can be
extended to cover functions of more than two variables.
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Partial Derivatives

Definition of partial derivatives of functions of two variables can be
extended to cover functions of more than two variables.

If fis a function of n variables x1, s, ..., x,, then f has n first partial
derivatives, fi(x1,x2,...,x,), fo(z1,2o,...,2n), ...,
fn(x1,22,...,2,), one with respect to each variable.

EXAMPLE

2 2xy . 2xy (@ +)
0z \1+azz+yz)  (14+zz+y2)? Y

Again, all the standard differentiation rules are applied to calculate partial
derivatives.
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Partial Derivatives

Remark If a single-variable function f(z) has a derivative f'(a) at

x = a, then f is necessarily continuous at x = a. This property does not
extend to partial derivatives. Even if all the first partial derivatives of a
function of several variables exist at a point, the function may still fail to

be continuous at that point.
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Partial Derivatives

Remark If a single-variable function f(z) has a derivative f'(a) at

x = a, then f is necessarily continuous at « = a. This property does not
extend to partial derivatives. Even if all the first partial derivatives of a
function of several variables exist at a point, the function may still fail to

be continuous at that point.

z=0, xy#0

{Z=1, xy=0 lim T, = lim 0=0.
z (z,9)—(0,0) f@y) y=z  (@y)—(0,0)

-
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Partial Derivatives

Remark If a single-variable function f(z) has a derivative f'(a) at

x = a, then f is necessarily continuous at x = a. This property does not
extend to partial derivatives. Even if all the first partial derivatives of a
function of several variables exist at a point, the function may still fail to

be continuous at that point.

{z=0, Xy #0
st z o0 T &Y e eaton O
Ly
£(0,0) =1
1 af 0z = 0 at (0,0)
g N df /8y = 0 at (0,0)
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Tangent Planes and Normal Lines

plane y=b
plane x=a

tangent plane

19



Tangent Planes and Normal Lines

A normal to the tangent plane at P is given
by

Direction of tangent on
y="b: i+ fi(a,b)k
Direction of tangent on
x=a: j+ fa(a,b)k
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Tangent Planes and Normal Lines

A normal to the tangent plane at P is given
by
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Tangent Planes and Normal Lines

A normal to the tangent plane at P is given
by

n=(i+ fi(a,0)k) x (j+ f2(a,b)k)

The tangent plane is given by
Direction of tangent on n-(z—ay—bz— f(a,b) =0,
y=>b: i+ fi(a,b)k
Direction of tangent on
r=a: j+ fa(a,b)k
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Tangent Planes and Normal Lines

A normal to the tangent plane at P is given
by

n=(i+ fi(a,0)k) x (j+ f2(a,b)k)

The tangent plane is given by

Direction of tangent on n-(z—ay—bz— fab) =0
y:b: i+f1(a,b)k ’ ’ ’ 7
Direction of tangent on or, equivalently,

r=a:j 5(a,b)k
i+ fa.b) z = f(a,b)+fi(a,b)(x—a)+ fo(a,b)(y—b).

20



Tangent Planes and Normal Lines

The normal line to z = f(x,y) at (a,b, f(a,b)) has direction vector
fi(a,0)i+ fa(a,b)j — k and so has equations
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Tangent Planes and Normal Lines

The normal line to z = f(x,y) at (a,b, f(a,b)) has direction vector
fi(a,0)i+ fa(a,b)j — k and so has equations

r—a y—b  z— f(a,b)

f1 ((l, b) f2(6l7 b) -1

21



Tangent Planes and Normal Lines

The normal line to z = f(x,y) at (a,b, f(a,b)) has direction vector
fi(a,0)i+ fa(a,b)j — k and so has equations

r—a y—b  z— f(a,b)

f1 ((l, b) fz(a7 b) -1

with suitable modifications if either fi(a,b) =0 or fs(a,b) = 0.
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Tangent Planes and Normal Lines

EXAMPLE
Find a normal vector and equations of the tangent plane and normal line

to the graph z = sin(zy) at the point where = 7/3 and y = —1.
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Tangent Planes and Normal Lines

EXAMPLE
Find a normal vector and equations of the tangent plane and normal line

to the graph z = sin(zy) at the point where = 7/3 and y = —1.

Solution: The point on the graph has coordinates (7/3, —1, —v/3/2).
Now
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Tangent Planes and Normal Lines

EXAMPLE
Find a normal vector and equations of the tangent plane and normal line

to the graph z = sin(zy) at the point where = 7/3 and y = —1.
Solution: The point on the graph has coordinates (7/3, —1, —v/3/2).
Now

0z

6—:2_ = ycos(xy) and — = xcos(zy).

Ox Jy
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Tangent Planes and Normal Lines

EXAMPLE
Find a normal vector and equations of the tangent plane and normal line

to the graph z = sin(zy) at the point where = 7/3 and y = —1.
Solution: The point on the graph has coordinates (7/3, —1, —v/3/2).
Now

0z

6—:2_ = ycos(xy) and — = xcos(zy).

Ox dy

At (m/3,—1) we have 0z/0x = —1/2 and 0z/0y = 7 /6. Therefore, the
surface has normal vector n = —(1/2)i+ (7/6)j — k and tangent plane
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Tangent Planes and Normal Lines

EXAMPLE
Find a normal vector and equations of the tangent plane and normal line

to the graph z = sin(zy) at the point where = 7/3 and y = —1.

Solution: The point on the graph has coordinates (7/3, —1, —v/3/2).
Now

6—:2_ = ycos(xy) and oz = x cos(zy).

Ox dy

At (m/3,—1) we have 0z/0x = —1/2 and 0z/0y = 7 /6. Therefore, the
surface has normal vector n = —(1/2)i+ (7/6)j — k and tangent plane

_ V31 (e-3)+ 2w+,

S 6
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Tangent Planes and Normal Lines

EXAMPLE
Find a normal vector and equations of the tangent plane and normal line

to the graph z = sin(zy) at the point where = 7/3 and y = —1.

Solution: The point on the graph has coordinates (7/3, —1, —v/3/2).
Now

6—:2_ = ycos(xy) and oz = x cos(zy).

Ox Jy

At (m/3,—1) we have 0z/0x = —1/2 and 0z/0y = 7 /6. Therefore, the
surface has normal vector n = —(1/2)i+ (7/6)j — k and tangent plane

_ V31 (e-3)+ 2w+,

Ty T 6

or, more simply, 3z — my + 62 = 21 — 3/3.
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Tangent Planes and Normal Lines

Solution (continued):

The normal line has equation
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Tangent Planes and Normal Lines

Solution (continued):

The normal line has equation
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Tangent Planes and Normal Lines

Solution (continued):

The normal line has equation

™ V3
LT
-5 G
or
6z —2r  6y+6 62+3V3

-3 T 6
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Tangent Planes and Normal Lines

EXAMPLE
What horizontal plane is tangent to the surface

z=a%—doy — 2% + 120 — 12y — 1,

and what is the point of tangency?
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Tangent Planes and Normal Lines

EXAMPLE
What horizontal plane is tangent to the surface

z=a%—doy — 2% + 120 — 12y — 1,

and what is the point of tangency?

Solution: A plane is horizontal only if its equation is of the form z =k,
that is, it is independent of = and y.
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Tangent Planes and Normal Lines

EXAMPLE
What horizontal plane is tangent to the surface

z=a%—doy — 2% + 120 — 12y — 1,

and what is the point of tangency?

Solution: A plane is horizontal only if its equation is of the form z =k,
that is, it is independent of = and y.

Therefore, we must have 0z/0x = 9z/Jy = 0 at the point of tangency.
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Tangent Planes and Normal Lines

EXAMPLE
What horizontal plane is tangent to the surface

z=a%—doy — 2% + 120 — 12y — 1,

and what is the point of tangency?

Solution: A plane is horizontal only if its equation is of the form z =k,
that is, it is independent of = and y.

Therefore, we must have 0z/0x = 9z/Jy = 0 at the point of tangency.

The equations

0
o qyt+12=0
Oz
%:—41:—43/—12:0
dy

have solution z = —4, y = 1.
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Tangent Planes and Normal Lines

EXAMPLE
What horizontal plane is tangent to the surface

z=a%—doy — 2% + 120 — 12y — 1,

and what is the point of tangency?

Solution: A plane is horizontal only if its equation is of the form z =k,
that is, it is independent of = and y.

Therefore, we must have 0z/0x = 9z/Jy = 0 at the point of tangency.

The equations

0z For these values we have z = —31,
or 20 —dy+12=0 so the required tangent plane has
% — x4y —12=0 equation z = —31 and the point of
dy tangency is (—4, 1, —31).

have solution x = —4, y = 1.
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Distance from a Point to a Surface: A Geometric Example

EXAMPLE
Find the distance from the point (3,0,0) to the hyperbolic paraboloid

with equation z = 22 — y2.
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EXAMPLE
Find the distance from the point (3,0,0) to the hyperbolic paraboloid

with equation z = 22 — y2.

Solution:
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Distance from a Point to a Surface: A Geometric Example

EXAMPLE
Find the distance from the point (3,0,0) to the hyperbolic paraboloid

with equation z = 22 — y2.

Solution:

2

If Q is the point on z = 22 — gy
closest to P, then P( is normal
to the surface.

25



Distance from a Point to a Surface: A Geometric Example

EXAMPLE
Find the distance from the point (3,0,0) to the hyperbolic paraboloid

with equation z = 22 — y2.
Solution:

PO = (X —3)i+Yj+ 2k

2

If Q is the point on z = 22 — gy
closest to P, then P( is normal
to the surface.

25



Distance from a Point to a Surface: A Geometric Example

EXAMPLE
Find the distance from the point (3,0,0) to the hyperbolic paraboloid

with equation z = 22 — y2.
Solution:

PG = )i+ Yj+ 7k

n=2Xi— 2YJ — k is normal to surface

If Q is the point on z = z2 — 32
closest to P, then P( is normal
to the surface.
25



Distance from a Point to a Surface: A Geometric Example

EXAMPLE
Find the distance from the point (3,0,0) to the hyperbolic paraboloid

with equation z = 22 — y2.
Solution:

PO = Yi+Yj+ Zk
n=2Xi— 2YJ — k is normal to surface

]@ =tn for some scalar t.

1

If Q is the point on z = z2 — 32
closest to P, then P( is normal
to the surface.
25



Distance from a Point to a Surface: A Geometric Example

EXAMPLE
Find the distance from the point (3,0,0) to the hyperbolic paraboloid

with equation z = 22 — y2.
Solution:
PO = i+Yj+Zk

n=2Xi— 2YJ — k is normal to surface

]@ =tn for some scalar t.

1
X-3=2Xt, Y=-2Yt and Z=-t

2

If Q is the point on z = 22 — gy
closest to P, then P( is normal
to the surface.

25



Distance from a Point to a Surface: A Geometric Example

EXAMPLE
Find the distance from the point (3,0,0) to the hyperbolic paraboloid

with equation z = 22 — y2.
Solution:

PO = Yi+Yj+ Zk
n=2Xi— 2YJ — k is normal to surface

]@ =tn for some scalar t.

1
X—-3=2Xt, Y = —-2Yt, and Z = —t.
If Q is the point on z = 22 — gy

closest to P, then P( is normal

to the surface.
25
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Distance from a Point to a Surface: A Geometric Example

Solution (cont.):
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Distance from a Point to a Surface: A Geometric Example

Solution (cont.):
CASE | IfY =0, then

X = and 7/ = —t.

1-2t
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Distance from a Point to a Surface: A Geometric Example

Solution (cont.):
CASE | IfY =0, then

3

X = 7 = —t.
T and t

But Z = X2 —Y?2, so we must
have
=
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Distance from a Point to a Surface: A Geometric Example

Solution (cont.):
CASE | IfY =0, then

3
X = d Z = —t.
1—2 "
But Z = X2 —Y?2, so we must
have
(1 =202
po
X=1v=02z=1] ] , |
y=—t 1
o NG
YT 1202 | 1
I T 2
‘ 26




Distance from a Point to a Surface: A Geometric Example

Solution (cont.):
CASE | IfY =0, then

3
X = d Z = —t.
1—2 "
But Z = X2 —Y?2, so we must
have
(1 =202
po
X=1v=02z=1] ] , |
y=—t 1
o NG
YT 1202 | 1
I T 2
‘ 26




Distance from a Point to a Surface: A Geometric Example

Solution (cont.):

X:l 32t and 7 = —t. X:3/27 Z:1/2’ and
But Z = X% — Y2, so we must Y =4+VX2 - Z =4/7/2,
have

(1—2t)2

D> |

—2 1 .
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Distance from a Point to a Surface: A Geometric Example

Solution (cont.):

CASE | IfY =0, then CASE Il t=-1/2
X =1 3% and 7 — 1. X=3/2, Z=1/2, and
But Z = X2 —Y?2, so we must V=42V X?-Z=%7/2,
have 9 the distance from these points to
—fzm- Pis \/17/2.

')

—2 _'1 i é
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Distance from a Point to a Surface: A Geometric Example

Solution (cont.):

CASE | IfY =0, then CASE Il t=-1/2
X = 1 32t and Z = —t. X=3/2, Z=1/2, and
But Z = X2 — Y2, so we must Y =+VX2—-Z==%7/2,
have 9 the distance from these points to
BRI Pis \/17/2.
P 3 V71
X=1,Y=02=1 | - t—, =
I 2 \/§ 2
y=—t 1 ]
0 =1 points on z = 2 — >
ECETT;D | I closest to P.
B s

26




Higher-Order Derivatives




Higher-Order Derivatives

Z:f(ﬂf,y)
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Higher-Order Derivatives

0%z 0 0z . .
w — & % = fll(x,y) = fa:a:(x7y)a
0%z 0 0z

o2 B dy dy = faa(2,y) = fyy(@,9),
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Higher-Order Derivatives

0%z 0 0z . .
92 = 9r o9p — @) = faulz,y),
8%z 0 0z

a2 Oy oy f22(z,y) = fyy(2,v),

0%z d 0z
alay - a aiy - f21(x,y) - fyz(xvy)y

6%z 0 0z
By O = % o Ji2(z,y) = foy(z,9).
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Higher-Order Derivatives

0%z 0 0z . .
92 = 9r o9p — @) = faulz,y),
8%z 0 0z

a2 Oy oy f22(z,y) = fyy(2,v),

0%z d 0z
alay - a aiy - f21(x,y) - fyz(xvy)y
0%z 0 0z
ayax - 872/ 87 - flg(l',y) - ny(x,y)

Similarly, if w = f(x,y, 2), then
Pw o d 9 0 ow

— 0 = [32212(2, ¥, 2) = fayyay (2, ¥, 2). 27



Higher-Order Derivatives

EXAMPLE
Find the four second partial derivatives of f(z,y) = z%y*.
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Higher-Order Derivatives

EXAMPLE
Find the four second partial derivatives of f(z,y) = z%y*.

Solution:
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Higher-Order Derivatives

EXAMPLE
Find the four second partial derivatives of f(z,y) = z%y*.

Solution:

fl('ray) :31‘2'1/4, fZ('ray) :4135.1/37
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Higher-Order Derivatives

EXAMPLE
Find the four second partial derivatives of f(z,y) = z%y*.

Solution:
fl('ray) :31‘2'1/4, fZ('ray) :4135.1/37
fua@.) = - (3a%y*) = Gay? for (@) = - (da®y?) = 120%°
b a$ b bl ax b

28



Higher-Order Derivatives

EXAMPLE
Find the four second partial derivatives of f(z,y) = z%y*.

Solution:
fl('ray) :31‘2'1/4, fZ('ray) :4135.1/37
1o} 0 o .
fuley) = - (a%y") = 6ay',  falay) = 5 (da®y?) = 122%",
0 0
fra(z,y) = %(3372214) = 122%y°, foa(z,y) = %(4373213) = 122%°.

28



Higher-Order Derivatives

EXAMPLE
Calculate foo3(,y, 2), faz2(x,y,2), and f3ao(x,y, 2) for the function

fay,2) = e+,
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Higher-Order Derivatives

EXAMPLE
Calculate foo3(,y, 2), faz2(x,y,2), and f3ao(x,y, 2) for the function

fay,2) = e+,

Solution:
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Higher-Order Derivatives

EXAMPLE
Calculate foo3(,y, 2), faz2(x,y,2), and f3ao(x,y, 2) for the function
f(@,y,2) = er2wts
Solution:
_ 9 0 0 r—2y+3z
f223(1“7y7z) - az 8y aye
_ Q 2( 2 z72y+3z)
dz Oy
0
— — (4 r—2y+32
5, 4 )

—12 e$—2y+3z’
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Higher-Order Derivatives

EXAMPLE
Calculate foo3(,y, 2), faz2(x,y,2), and f3ao(x,y, 2) for the function
fa,y,2) = " 72132,

Solution:
0 0 0 sayis 0 0 0 oyys
f223(1“7yvz) - 9z 8y ay € f232(377?/a3) 8 2 ay €

— Q 2 z—2y+3z _ g 3 r—2y+3z

=929y 2 ) =5, 0: % )
0 0

= Lot 2y +3z _ Y o—2y+3z
0z (4e ) 8y( Ge )

— 126$_2lj+32, _ 1261—2y+3z’
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Higher-Order Derivatives

EXAMPLE
Calculate foo3(,y, 2), faz2(x,y,2), and f3ao(x,y, 2) for the function
fa,y,2) = " 72132,

Solution:
9 9 0 x—2y+3z 9 09 z—2y+3z
f223(1“7y72) - 9z 8y 8y € f232(377?/a3) 8 2 ay €
_ g 0 r—2y+3z _ g 9 r—2y+3z
=9z ay 2 ) “oyas )
_ 80 (461 2J+32) _ 82( 66m—2y+32)
z Yy
— 126””_2?”‘32, _ 1261—2y+3z’
o 0 0 .
f322(l’, Y, Z) 57 07 67 x72y+32
. 0 0 T—2y+32\ _ 0 r—2y+32\ __ T—2y+3z
_8y8y(36 )—ay( Ge ) =12¢ .
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Higher-Order Derivatives

THEOREM Equality of mixed partials
Suppose that two mixed nth-order partial derivatives of a function f

involve the same differentiations but in different orders. If those partials
are continuous at a point P, and if f and all partials of f of order less
than n are continuous in a neighbourhood of P, then the two mixed
partials are equal at the point P.
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